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Abstract
A shrinking criterion for upper semicontinuous decompositions of a locally compact metric space
is extended to complete metric spaces, answering a question of Daverman (1986). This particular
criterion thus fits into the general framework exhibited by the other results in this area (Daverman,
1986, Sections 5 and 6). This includes particularly the fundamental theorem of R.D. Edwards
and L.C. Glaser (1972), later polished by A. Marin and Y.M. Visetti (1975) which shows that
shrinkability of an upper semicontinuous decomposition of a complete metric space is equivalent
to the projection map being a near-homeomorphism. Ó 1999 Elsevier Science B.V. All rights
reserved.
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1. Definitions and background
Throughout the paper we use G to denote an upper semicontinuous decomposition of
a complete metric space S which has metric d. We will always assume that the set HG
of nondegenerate elements of G is countable.
The decomposition G is locally shrinkable if for each g ∈ G, each open set U con-
taining g, and each open cover V of S, there is a homeomorphism h of S onto itself such
that h(g) is contained in some element of V and h is the identity outside U . This says
that each element of the decomposition can be shrunk into a set of small size, measured
by an open cover of S.
We want to simultaneously shrink all the elements of the decomposition to small
size. There are several versions of such shrinkability. The one of interest here says
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that G is strongly shrinkable if for each open set O containing
⋃
HG, for each sat-
urated (each member of U is a union of elements of G) open cover U of S, and
for each open cover V of S, there is a homeomorphism h of S onto itself such
that
(1) h is the identity outside O,
(2) for each s ∈ S there is a U ∈ U for which s and h(s) both belong to U , and
(3) for each g ∈ G there is a V ∈ V for which h(g) ⊂ V .
A theorem of R.D. Edwards and L.C. Glaser [3], later polished by A. Marin and
Y.M. Visetti [4], says that if G is a strongly shrinkable decomposition of S, then there is
a homeomorphism from S onto the decomposition space S/G which is arbitrarily near
the projection map. This is the motivation for showing that decompositions are strongly
shrinkable.
It is a classical result of Bing ([1], see also [2, p. 43]) that a locally shrinkable
decomposition G in which
⋃
HG is a Gδ-set is strongly shrinkable. This implies that in
any of our decompositions G, we can shrink all those elements of G which are originally
large to any small size. But during this shrinking process, it may happen that originally
small elements of G are stretched! One must somehow control the elements of G near
the one being shrunk so that their sizes do not increase too much. The following theorem
of Bing [1] provides a suitable condition.
Theorem. Suppose X is a locally compact metric space with metric δ and Γ is a
countable upper semicontinuous decomposition of X such that, for each nondegenerate
element g0 of Γ and each positive ε, there is a homeomorphism h of X onto itself such
that
(1) h is the identity outside B(g0, ε) = {z ∈ X | δ(z, g) < ε},
(2) diamh(g0) < ε, and
(3) for every g ∈ Γ , either diamh(g) < ε or h(g) ⊂ B(g, ε).
Then Γ is strongly shrinkable.
If G is a decomposition of S which satisfies the conditions imposed on Γ in this
theorem, then we will say that G is locally metrically shrinkable. Daverman [2, p. 50]
notes that it is not known whether a locally metrically shrinkable decomposition is
strongly shrinkable. We extend Bing’s result to the setting of complete metric spaces
in which all other such theorems live by proving the following.
Main Theorem. Let G be an upper semicontinuous decomposition of a complete metric
space S such that HG is countable and G is locally metrically shrinkable. Then G is
strongly shrinkable.
2. Preliminary results
Standard compactness arguments easily produce the following.
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Lemma 1. Let C be a compact subset of a metric space Y and O a covering of C by
open subsets of Y . Then there is a neighborhood U of C and a positive ε such that a
set X is O-small whenever X ⊂ U and diamX < ε.
Lemma 2. Let f be a continuous function from the metric space X to the metric space
Y, C be a compact subset of X , and ε be positive. Then there is a neighborhood W of
C and a positive δ such that the distance between f(x) and f(y) is less than ε whenever
x, y ∈W and the distance between x and y is less than δ.
We need another technical theorem giving conditions under which a sequence of home-
omorphisms of S onto itself converge to another such homeomorphism. Such theorems
abound, but the authors have found none precisely like this, which we need in the proof
of the Main Theorem. From now on we let O be an open set in S containing
⋃
HG, U
be a saturated open cover of S, and V be any open over of S.
Convergence Theorem. Suppose that h0, h1, h2, . . . is a sequence of homeomorphisms
of the complete metric space S onto itself with h0 = Id, that Z0, Z1, Z2, . . . is a sequence
of open subsets of S with Z0 = S, and that U1,U2,U3, . . . is a sequence of covers of a
subset N of S by pairwise disjoint nonempty open sets such that
(1) Zi ⊂ Zi ⊂ Zi−1 ∩ (
⋃Ui) for i = 1, 2, . . . ,
(2) ⋂∞i=0 Zi = ∅,
(3) hi = hi−1 outside Zi for i = 1, 2, . . . ,
(4) Ui+1 refines Ui for i = 1, 2, . . . ,
(5) ⋂∞i=1(⋃Ui) = N ,
(6) hi = hi−1 outside some element of Ui for i = 1, 2, . . . , and
(7) for each U ∈ Ui there is a compact set g such that U ⊂ B(g, 1/i).
Then the homeorphisms hi converge pointwise to a homeomorphism h of S onto itself
which is the identity outside Z1.
Proof. Let x ∈ S. By condition (2), there is an i for which x /∈ Zi. By condition (1),
S \Zi+1 is a neighborhood O of x. Using conditions (1) and (3) inductively, we see that
hj = hi on O for j > i. Then for y ∈ O, limj→∞ hj(y) = hi(y), so the sequence [hj ]
converges pointwise to a function h, and indeed for each x ∈ S there is a neighborhood
O of x and an integer i such that h = hm = hi on O for all m > i. Since h agrees
with a continuous function on a neighborhood of each point of S, h itself is continuous.
Distinct points x, y in S have neighborhoods Ox, Oy and integers kx, ky such that
h = hkx on Ox and h = hky on Oy , and if l is the larger of kx, ky, then h = hl on
Ox ∪Oy . Since hl is a homeomorphism, hl(x) 6= hl(y), so that h is one-to-one.
We now show that h is onto. Suppose y ∈ S. For each positive integer i there
is a unique point xi such that hi(xi) = y. If xk /∈ Zk for some k, then as above
h(xk) = hk(xk) = y.
We show that the assumption xk ∈ Zk for every k leads to a contradiction. If this
assumption were true, then by condition (1), Zk ⊂
⋃Uk, so there is some Uk ∈ Uk with
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xk ∈ Uk for every k. By condition (7) there is a compact set gk with Uk ⊂ B(gk, 1/k)
for k > 1.
Conditions (4) and (6) imply that hj(U) = hi(U) for every U ∈ Ui and for j > i > 1.
Hence hk+r(Uk) = hk(Uk) for every r > 0 and every k > 1. Then y = hk(xk) ∈
hk(Uk), so xk+r ∈ Uk for r > 0 and every k > 1.
For each r > 0, pick a point zr in g1 with d(zr, x1+r) < 1. Since g1 is compact, the
sequence [zr] has a subsequence [zri ] which converges to a point ζ1 in g1. So, there is
an infinite set A1 of positive integers such that d(xi, ζ1) < 2 for i ∈ A1.
Suppose we have infinite sets A1 ⊃ A2 ⊃ · · · ⊃ Am of positive integers and points
ζi in gi for i 6 m so that d(xj , ζi) < 2/i for each j ∈ Ai. For each r ∈ Am with
r > m + 1, the point xr is in the set Um+1, so there is a point tr in gm+1 with
d(tr, xr) < 1/(m+ 1). Compactness of gm+1 delivers a subsequence (of Am viewed as
a sequence) [tri ] converging to a point ζm+1 in gm+1. Put Am+1 = {ri}. By induction
we get infinite sets A1 ⊃ A2 ⊃ · · · of positive integers and points ζi ∈ gi for each i so
that d(xj , ζi) < 2/i for every j ∈ Ai.
Choose an increasing sequence [ni] of positive integers so that ni ∈ Ai for each i. If
j > k, then since both nj and nk are in Ak,
d(xnj , xnk) 6 d(xnj , ζk) + d(ζk, xnk) < 2/k + 2/k.
Consequently [xni ] is a Cauchy sequence and so converges to some point x. By conditions
(1) and (2) there is an i for which x /∈ Zi. Hence for some nj > i we have xnj /∈ Zi so
that by condition (1), xnj /∈ Znj , a contradiction. We conclude that h must be onto.
We need only check continuity of h−1. Given y, there is an x with h(x) = y. Then
there is a neighborhood O of x on which the hi’s are eventually constant, say equaling
hI . Now hI is a homeomorphism with hI(x) = y, so hI(O) is a neighborhood of y on
which h−1 = h−1I which is continuous. This completes the proof of the Convergence
Theorem. 2
Proof of Main Theorem. Remember that U is any saturated open cover of S, V is
any open cover of S, and O is any open set containing
⋃
HG. We must construct a
homeomorphism Ψ of S onto itself such that Ψ is the identity outside O, Ψ(g) is V-
small for every g ∈ G, and for every s ∈ S there is a U ∈ U for which s and Ψ(s) both
belong to U .
Let {gi: i = 1, 2, 3, . . .} be an enumeration of the elements of HG. Since each gi is
compact, by Lemma 1 and upper semicontinuity each gi has a saturated neighborhood
Ui with a positive εi such that every subset of Ui with diameter less than εi is V-small.
Also, there is a set U∗i in U such that gi ⊂ U∗i . Finally, there is a saturated neighborhood
Pi of gi with Pi ⊂ B(gi, 1/i). Let Wi = Ui ∩ Pi ∩O ∩ U∗i .
Furnish the decomposition space S/G with a metric d∗, and use Σ(γ, r) to denote
the closed ball {g ∈ S/G: d∗(γ, g) 6 r} while B∗(γ, r) denotes the open ball {g ∈
S/G: d∗(γ, g) < r} in S/G. Choose a positive δ1 so that
Σ(g1, δ1) ⊂ pi(Wg1 ) and
(
Σ(g1, δ1) \B∗(g1, δ1)
) ∩HG = ∅.
Put i1 = 1.
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If we have elements gi1 , gi2 , gi3 , . . . , gin of HG and positive numbers δ1, δ2, δ3, . . . , δn
such that
(1) {Σ(gij , δj): j = 1, 2, . . . , n} is pairwise disjoint,
(2) Σ(gij , δj) ⊂ pi(Wij ) for j = 1, 2, . . . , n,
(3) (Σ(gij , δj) \B∗(gij , δj)) ∩HG = ∅ for j = 1, 2, . . . , n, and
(4) {g1, g2, . . . , gin} ⊂
⋃n
j=1 B
∗(gij , δj),
then let in+1 be the least positive integer, if any, for which gin+1 6⊂
⋃n
j=1 B
∗(gij , δij ).
Choose a positive δn+1 so small that
Σ(gin+1 , δn+1) ∩
(
n⋃
j=1
Σ(gij , δj)
)
= ∅,
Σ(gin+1 , δn+1) ⊂ pi(Win+1 ), and(
Σ(gin+1 , δn+1) \B∗(gin+1 , δn+1)
) ∩HG = ∅.
By induction we get a countable collection of pairwise disjoint closed balls Σ(gij , δj)
in S/G such that the open balls B∗(gij , δj) cover HG in S/G. If we let Λj =
pi−1(B∗(gij , δj), and W = {Λi: i = 1, 2, . . .}, then W is a saturated open cover of⋃
HG in S by nonempty sets such that
(1) ⋃W ⊂ O,
(2) the sets in W have pairwise disjoint closures in S,
(3) for each Λi ∈ W there is an element g of G such that g ⊂ Λi ⊂ B(g, 1/i),
(4) for each Λi ∈ W there is a positive ρi such that a set X is V-small whenever
X ⊂ Λi and diamX < ρi, and
(5) W refines U .
We now begin to work inside an element Λt of W which is not itself V-small. Let
Nt =
{
g ∈ G: g ⊂ Λt and diam g > ρt4
}
.
The properties of W and the upper semicontinuity of G imply that ⋃Nt is closed in S.
Just as we constructed the open cover W of ⋃HG, we can construct saturated open
covers Ui of
⋃
Nt for i = 1, 2, . . . so that
(U1) ⋃U1 ⊂ Λt,
(U2) Ui+1 refines Ui for i = 1, 2, . . . ,
(U3) ⋂∞i=1(⋃Ui) = ⋃Nt, and
(U4) for each i = 1, 2, . . . and for each U ∈ Ui there is an element g of G with
U ⊂ B(g, 1/i).
These Ui’s satisfy conditions (4), (5), and (7) of the Convergence Theorem.
We now construct the Zi’s and the hi’s so as to satisfy the hypotheses of the Conver-
gence Theorem. For ease of notation we re-enumerate Nt as {g1, g2, g3, . . .}.
Let h−1 = h0 = Id on S, Z−1 = Z0 = S, U0 = {S}, and g0 = ∅. Then the following
conditions are satisfied for i = 0.
(H1) Zi ⊂ Zi ⊂ (Zi−1) ∩ (
⋃Ui),
(H2) gk ∩ Zi = ∅ for k = 0, 1, . . . , i− 1,
(H3) hi = hi−1 on S \ Zi,
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(H4) hi = hi−1 outside the element of Ui containing gi,
(H5) diamhi(g) < ρt for each g ∈ Nt lying outside Zi,
(H6) diamhi(gi) < ρt, and
(H7) if g ⊂ Λt but g /∈ Nt, then diamhi(g) < ρt/4 + ρt/8 + · · ·+ ρt/2i+2.
Now suppose we have homeomorphisms h0, h1, . . . , hn of S onto itself and satu-
rated open sets Z0, Z1, . . . , Zn such that conditions (H1)–(H7) are satisfied for i =
0, 1, 2, . . . , n. We construct hn+1 and Zn+1.
By condition (H5) each g ∈ Nt lying outside Zn has a saturated neighborhood whose
image under hn has diameter less than ρt, and by condition (H6) the element gn of Nt
has such a neighborhood as well. If the union of these neighborhoods is removed from⋃
Nt, we obtain a closed set C lying inside both Zn and
⋃Un+1. By conditions (H2)
and (H5) C also misses g1 ∪ g2 ∪ · · · ∪ gn. Then by normality there is a saturated open
set Zn+1 such that
C ⊂ Zn+1 ⊂ Zn+1 ⊂
[
Zn ∩
(⋃
Un+1
)]
\ (g1 ∪ g2 ∪ · · · ∪ gn).
Certainly conditions (H1) and (H2) are now satisfied for i = n+ 1.
Consider gn+1. If diamhn(gn+1) < ρt, then let hn+1 = hn. Now conditions (H3),
(H4), (H6) and (H7) are satisfied for i = n+ 1. By the construction of the closed set C,
any g ∈ Nt lying outside Zn+1 must lie in some open set whose diameter under hn and
hence under hn+1 is less than ρt, so condition (H5) is satisfied for i = n+ 1 as well. In
this case the inductive step is complete.
Now suppose diamhn(gn+1) > ρt. By the construction of the set C, gn+1 must lie
inside C and hence inside Zn+1. Let U be the element of Un+1 containing gn+1. Since
gn+1 is compact, by Lemma 2 there is a positive number r < ρt/2n+4 such that
B(gn+1, 2r) ⊂ Zn+1 ∩ U
and
d
(
hn(x), hn(y)
)
< ρt/2n+4 when
x, y ∈ B(gn+1, 2r) and d(x, y) < 2r.
Then, there is some positive δ < r so that every element of G meeting B(gn+1, δ) lies
in B(gn+1, r).
Since G is locally metrically shrinkable, there is a homeomorphism φ of S onto itself
such that
(φ1) φ is the identity on S \B(gn+1, δ),
(φ2) diamφ(gn+1) < δ, and
(φ3) for each g ∈ G either diamφ(g) < δ or φ(g) ⊂ B(g, δ).
Define hn+1 to be hn ◦φ. By condition (φ1) and the choice of δ, conditions (H3) and
(H4) are satisfied for i = n+ 1. Condition (H5) is satisfied by the construction of Zn+1.
If x, y ∈ gn+1, then d(φ(x), φ(y)) < δ < r < 2r and x, y ∈ B(gn+1, 2r), so that
d(hn(φ(x)), hn(φ(y))) < ρt/2n+4. Consequently diamhn+1(gn+1) < ρt and condition
(H6) is satisfied for i = n+ 1.
M. Pulte, A.W. Schurle / Topology and its Applications 93 (1999) 113–120 119
Suppose that g ⊂ Λt but g /∈ Nt. If g misses B(gn+1, δ), then φ(g) = g, so hn+1(g) =
hn(g) and condition (H7) will be satisfied for g and i = n+ 1.
Suppose g meets B(gn+1, δ). Then g ⊂ B(gn+1, r). If diamφ(g) < δ, then for
x, y ∈ g, the points φ(x), φ(y) are in B(gn+1, δ) ⊂ B(gn+1, r), and d(φ(x), φ(y)) <
δ < r, so that d(hn(φ(x)), hn(φ(y))) < ρt/2n+4, that is, diamhn+1(g) < ρt/2n+4.
If φ(g) ⊂ B(g, δ), then for x, y ∈ g, choose x∗, y∗ in g with both d(φ(x), x∗)
and d(φ(y), y∗) less than δ < r. Since x∗, y∗ ∈ g ⊂ B(gn+1, r), and δ < r,
we have φ(x), φ(y) ∈ B(gn+1, 2r). Then d(hn(φ(x)), hn(x∗)) < ρt/2n+4 and
d(hn(φ(y)), hn(y
∗)) < ρt/2n+4, so that
d
(
hn
(
φ(x)
)
, hn
(
φ(y)
))
6 d
(
hn
(
φ(x)
)
, hn(x
∗)
)
+ d
(
hn(x
∗), hn(y∗)
)
+ d
(
hn(y
∗), hn
(
φ(y)
))
< ρt/2n+4 + diamhn(g) + ρt/2n+4
< ρt/2n+3 + ρt/4 + ρt/8 + · · ·+ ρt/2n+2
= ρt/4 + ρt/8 + · · ·+ ρt/2n+2 + ρt/2n+1+2,
so that condition (H7) is satisfied for i = n+ 1.
By induction we have homeomorphisms hi and sets Zi satisfying conditions (H1)–
(H7) for all positive integers i. Condition (U3) on the open covers Ui together with
conditions (H1) and (H2) imply that ⋂∞i=1 Zi = ∅. From the Convergence Theorem we
conclude that the sequence [hi] converges to a homeomorphism φt of S onto itself.
We investigate the properties of φt. Take any element g of G. If g lies outside Λt,
then φt(g) = g. If g ∈ Nt then g = gi for some positive integer i in our enumeration of
Nt. By condition (H6), diamhi(g) < ρt. By conditions (H2) and (H3), φ(g) = hi(g), so
diamφ(g) < ρt.
If g ⊂ Λt but g /∈ Nt, then take any x, y ∈ g. By condition (H7),
d
(
hi(x), hi(y)
)
< ρt/4 + ρt/8 + · · ·+ ρt/2i+2.
Since hi(x)→ φt(x) and hi(y)→ φt(y) as i→∞, we obtain
d
(
φt(x), φt(y)
)
<
∞∑
i=1
ρt
2i
= ρt.
So, for each Λt which is not V-small, there is a homeomorphism φt of S onto itself
such that φt is the identity outside Λt and diamφt(g) < ρt for each g ∈ G which lies in
Λt. If Λt is already V-small, we let φt be the identity on S. Define φ by
φ(x) =
{
φi(x) if x ∈ Λi,
x if x /∈ ⋃Λi.
Then φ is a one-to-one function from S onto S. Further, if g ∈ HG, then g ⊂ Λi
for some i. If Λi is V-small, then φ(g) = g ⊂ Λi, so φ(g) is V-small. Otherwise,
φ(g) = φi(g) which has diameter less than ρi, so φ(g) is V-small by condition (4) in
the construction of the Λi’s. Also,
⋃W ⊂ O, so φ is the identity outside O. Even more,
W refines U , so for every x there is a member U of U with both x and φ(x) belonging
to U .
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Now we show that each x ∈ S has a neighborhood meeting at most one Λt which is not
V-small. Note that if x ∈ Λk for some k, then Λk is such a neighborhood, since the Λi’s
are pairwise disjoint. Otherwise, x /∈ ⋃HG, so that x has neighborhoods U1 ⊂ U2 ⊂ U3
so that U3 is V-small, U2 is saturated, and for some positive δ the distance from Ui to
S \ Ui+1 is at least δ for i = 1, 2.
Now if 1/i < δ and Λi ∩ U1 6= ∅, then the g promised by condition (3) in the
construction of the Λi’s must meet U2. But U2 is saturated so g ⊂ U2. Then Λi ⊂
B(g, 1/i) ⊂ U3 so that Λi would be V-small.
Consequently only finitely many Λi’s which are not V-small meet the neighborhood
U1 of x. Since the Λi’s have pairwise disjoint closures, there must be a neighborhood of
x that meets at most one Λt which is not V-small. Since φ is the identity on all the other
Λi’s, it follows easily that both φ and φ−1 are continuous. Hence φ is a homeomorphism
and we are done! 2
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